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ABSTRACT 

A model for colliding objects in the asteroidal belt 
is formulated. An integro differential equation describing 
the evolution of a system of particles undergoing inelastic 
collisions and fragmentation is derived and solved for steady 
state conditions. It is found that the number density of 
particles per unit volume in the mass range m to m + dm is 
Am-'dm where A and a are constants (provided that certain 
conditions are satisfied). The population index a can then be 
derived theoretically; for asteroids and their debris, a = 1.837, 
in agreement with an empirical fit to the observed distribution. 

Various statistical properties of the distribution can 
be derived from the model. It is found that, for asteroidal 
objects, catastrophic collisions constitute the most important 
physical process determining particle lifetimes and the form of 
.the particle distribution for particles sufficiently large that 
radiation effects are unimportant. The lifetime of the largest 
asteroids is found to be of the same order of magnitude as the 
probable lifetime of the solar system, therefore some of the 
largest asteroids may have survived since the time of creation; 
most smaller ones have not and are collisional fragments, 
according to the present model. 
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I. INTRODUCTION 

It is customary in the literature to describe the 
distribution of the*masses of interplanetary particles by power 
law functions. The number of particles in a mass range m to 
m t dm is then taken to be A m-a dm where A and a are constants; 
the latter is called the population index. Observational evi- 
dence in support of such a special form for the number density 
function has been advanced," among others, for radar meteors 
(Kaiser, 1961, Southworth, 1967), photographic meteors (Hawkins 
and Upton, 1958, Dohnanyi, 1966, 1967a) meteorites (Hawkins 1960) 
and asteroids (Kuiper et al, 1958). In an effort to understand 
the physical significance'of population index type number density 
functions for interplanetary particles the writer has undertaken 
a theoretical treatment of the dynamic interaction of these 
particles. The physical model adopted is one where the interplanetary 
objects undergo mutual inelastic collisions resulting in frag- 
mentation. Results of the analysis indicate that under plausible 
simplifying assumptions such a system of particles does indeed evolve 
into a population index type distribution (cf. Dohnanyi, 1967 b and e). 
The results are then applied to estimate the number density and 
other statistical properties of debris in the asteroidal belt. 

Section I1 of this paper is a brief discussion of the 
empirical distribution of observed asteroids published by 
Kuiper et a1 (1958) together with a discussion of some of the 
statistical properties of power law distributions. 

%For a review of earlier work, see e.g., Lovell, 1954. 
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Section 111-A of this paper is a discussion of the 
model crushing law when two objects inelastically collide. 
Experimental results by Gault et a1 (1965) and Gault and 
Heitowit (1963) are used for hypervelocity impact into semi- 
infinite targets; the results are then generalized for impacts 
between objects with similar masses. 

Section 111-B is the mathematical formulation of the 
model. An intergro differential equation (which will be referred 
to as the collision equation) is derived,expressing the time 
rate of change o f  the number density of particles in a given 
mass range due to the processes of erosion, catastrophic colli- 
sions,and of  particle cr'eation in the same mass range by the 
collisional fragmentation of larger objects. 

Section IV is a discussion of a mathematical model 
for which the collision equation is satisfied by a population 
'index type solution. The result is that if the distribution 
has reached approximately steady state conditions, then a 
population index type solution does indeed satisfy the collision 
equation in a mass range sufficiently far removed from the high 
and low mass end points. The value of the population index is 
then calculated for various values of the average collisional 
velocity and found to be remarkably insensitive to the value of 
the physical parameters. The stability of the solution is also 
discussed. 

The present results are applied in Section V to the 
distribution of asteroids and their debris. It is found that 
the theoretical value o f  the population index for a steady 
state distribution of particles moving with asteroidal veloci- 
ties is within the margin of error of an empirical fit to the 
observed asteroids catalogued by Kuiper et a1 (1958). The 
theoretical number density function is then normalized to the 
observed asteroids; the resulting function forms the basis of 
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calculating various statistical properties of the distribution. 
Among these are particle creation and destruction rates, the 
mass loss due to radiation effects, particle life times and 
erosion rates. 

11. OBSERVATIONAL EVIDENCE 

This section is a discussion of the distribution of 
known asteroids together with some of their statistical physi- 
cal properties. In their survey of asteroids, Kuiper et a1 
(1958) have published the distribution of 1554 asteroids as a 
function of absolute photographic magnitude g per half magni- 
tude intervals. 

The results of Kuiper et a1 (1958) are plotted in 
Fig. 1. The solid line histogram is the number of asteroids 
in each half magnitude interval as a function of g. A mass 

density of 3.5 x lo3 kg/m3 has been associated, by the 
writer, with the magnitude scale. The upper limit on the 
geometric albedo represents a completely white smooth surface 
and the lower limit corresponds to basalt. The nominal value 
of .2 is the mean of the estimated geometric albedos of the 
asteroids Ceres, Pallas, Juno and Vesta* (see, e.g. Sharonov 
1964). The results is 

* scale, based on a geometric albedo of .2 x 35' and material 

*This is a revision of the writer's earlier treatment 
(Dohnanyi, 1967) where asteroids were treated as Lambert reflectors 
with a spherical albedo of .l. While the uncertainties in the 
photometric properties of asteroids are considerable we believe 
this present treatment of asteroid masses is somewhat more 
realistic. The present results are, however, within the margins 
of uncertainty previously estimated by the writer. 
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loglo m = 22.67 T .72 - .6g 

where m is the mass of the asteroid (in Kg) having an absolute 
photographic magnitude g (i.e. relative photographic magnitude 
at a distance of 1 AU from both the earth and the sun). 

The results of Kuiper et a1 are complete up to a 
limiting magnitude of g - < 9.5, i.e., the observed number of 
these objects is believed to equal the true number. Above 
g 9.5, the difference between the true and observed 
number of asteroids begins to increase due to selection effects. 
The dashed line histogram is the probable number of asteroids using ~ 

the factors of Kuiper et a1 (1958). These 
authors have tabulated the maximum and minimum probable 
numbers of asteroids and the dashed line histogram in Fig. 4 
is their mean. We have plotted the estimated probable numbers 
'up to the value where the correction factor, due to selection, 
is of the order of 2. When the correction factor is much 
greater than 2, considerable uncertainties may be present. 

It can be seen from the figure that a straight line 
(on this double logarithmic p l o t )  is a good representation of 
the data for asteroids with g greater than six. The solid 
straight line is a least squares fit, by the writer, with the 
result 

-1.80+ - . 0 4  dm f (m)dm a m  

where f(m)dm is the number of asteroids per unit volume of space 
in the small but arbitrary mass range from m to m + dm kilograms. 

The number density function per unit mass eq. 1 has 
the general form 

f(m> = constant x m-a (2) 
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There are a number of examples of power law type 
distributions, such as eq. 2, observed in nature. The observed 
distribution of meteoroids has generally the form eq. 2. Radio 
meteors have a population index a = 2 (McKinley, 1951, Weiss 
1961, Elford, Haw&ins and Southworth 1964, Southworth 1967) 
while Kaiser (1961) reported a = 2.17. Visual and photographic 
meteors have been reported variously to have a population index 
a = 2 to 2.34 (see McKinley 1961 for a review; cf. also Dohnanyi 
1966 and 1967a). Hawkins (1960) reported that the distribution 
of known meteorites has a population index of 2 for stones and 
1.5 for irons. 

We now tabulate, for future use, some of the properties 
of population index type distributions. Given that the largest 
mass present is Mm and p is the smallest and that (M,/p) +a, the 
results listed in Table-1 are readily obtained. The table lists 
expressions for the total mass MT, the total number NT and 
total cross sectional area aT of the system of spherical particles 
as a function of the population index a. The normalization 
constant A can then be expressed in terms of the physical 
parameters MT, N or aT and the resulting expressions are 
listed in the columns labeled as A(MT), A(NT) and A(aT) respectively. 
The quantity R is defined as 

T 

R = (3r11’2/4P) 2/3 , ( 3 )  

where p is the material density of the particles. It is readily 
seen that the cross sectional area of a sphere where radius r 
and mass m becomes 

2 213 . IIr = R m  ( 4 )  

It can be seen from Table 1 that the total mass of 
the system, MT, does not depend on the small mass cutoff 1-1 

for a < 2. For such populations most of the mass of the system 
is contained in the largest objects M m .  When a = 2, MT is a 
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logarithmic function of Mm and 1-1. For a > 2, essentially 
all the mass of the system is concentrated in the small particles 
u .  Since a power law function varies faster than does a 
logarithmic function, we see that when a = 2, M is relatively T 
insensitive to either 1-1 or Mm and is completely independent 
of Mm or 1.1 if their ratio Mm/p is kept constant. The total 
mass of the system is therefore seen to be distributed evenly 
over all particle sizes for a = 2. 

A glance at the column, in Table 1, headed by NT re- 
veals that for a < 1 most of the particles are large, for 
Q = 1 there are many particles of all sizes and for a > 1 prac- 
tically all the particles are small. 
inasmuch the whole effective collisional cross sectional area 
is concentrated into the largest objects for a < 5/3; for 
a = 5/3 the effective collisional cross sectional area is 
,distributed over the entire size range and for a > 5/3 the 
entire cross sectional area is concentrated into the smallest 
objects of the population. 

aT behaves similarly 

111. COLLISIONAL MODEL 

A. Impact Mechanics 

Interplanetary space contains a very large number of 
objects having different masses and orbits and are believed to 
frequently collide with each other inelastically. When such a 
collision occurs at a sufficiently high relative velocity, frag- 
mentation results. In the present study, the relative velocities 
will be comparable t o  those of particles in space traveling in 
different and sometimes intersecting orbits. The impact velocity 
will therefore be of the order of kilometers per second, which is 
sufficiently high to cause fragmentation. 
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MT ‘T 

a-2 2-a ) MTMw 

r = l  11 

5 l<a<- 3 
t l  

1- c 

A X1-i- 

I1 

- 5 
a = 3  

11 

11 
11 

W 
M 

ClRn - 
IJ 

I? a = 2  

2-a 
IJ A- a-2 

( a- 2 ) MTu 
a >  2 
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Regarding the mass distribution of fragments produced 
during impact, the following type of crushing will be assumed: 

g(m;M,M2)dm = C(M,M2)m-' dm (5) 

Here, g(m;M,M )dm is the number of particles having a mass be- 
tween rn and m + dm produced during the impact of a mass M with 
anokher, larger mass M2. 
of the colliding masses and rl is a constant. 

2 

The coefficient C(M,M2) is a function 

This particular crushing law eq. 5 is based on experi- 
ment (Gault, Shoemaker and Moore, 1963) and observation of 
impact into semi-infinite targets, corresponding to the case of 
M2 -+m in eq. 5. The value of rl reported is 

rl 1 . 8  

Use of a particular crushing law is one of the major assumptions 
<in this paper. However, since evidence supports a crushing law 
of the general form of eq. 5 during hypervelocity impact, it 
will be adopted here to estimate the distribution of particles 
resulting from inelastic collisions at orbital velocities. 

We shall now define C(M,M2) in eq. 5 explicitly. 
Using Table 1 we obtain for the normalization constant of  a num- 
ber density function with a population index rl < 2: 

C(M,M2) = (2-ii)MeMb rl-2 ( 7 )  

where Me is the total ejected mass, i.e., the total mass of the 
fragments produced during an impact between masses M and M2; Mb 
is the mass of the largest fragment produced. 
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When eq. 7 is substituted into eq. 5,  the result is 

g(m;M,M2)dm = (2-r1)Mi-~M~m-' dm . 

We shall presently distinguish between two types of 
collisions. By erosive collisions we shall designate events 
when the target mass M2 remains intact after the collision ex-- 
cept that it l o s t  some small fraction of its mass. Catastro- 
phic collisions constitute events when the target mass PI2 (as 
well as the projectile) is completely'shattered. 

For erosive collisions we take 

Mb = AM < <  M2 

where I' and A are both functions of the impact velocity and 
material properties of the target as well as the projectile but 
not their masses. 
inequality sign reflects the fact that the coefficients r and I\ 

refer to a semi-infinite target. It can be seen from eq.9 
that r is the total ejected mass per unit projectile mass and 
A is the mass of the largest fragment per unit projectile mass. 

M2 is the mass impacted by M and the double 

The use of eq. 9 is based on results from hyper- 
velocity experiments discussed by Gault et a1 ( 1 9 6 3 ) .  These 
authors find that the total ejected mass as well as the mass of 
the largest fragment during hypervelocity cratering into basalt 
is proportional to the projectile kinetic energy, and hence, to 
the projectile mass. These experiments were conducted at Im- 
pact velocities over a range not exceeding 10 Km/sec and over a 
range of projectile kinetic energies from 10 joules to 10 
joules approximately . 

4 
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rM 2 M2 

then eq. 8 breaks down because a hypervelocity impact into a 
relatively small target differs from the former (semi-infinite 
target) situation since the shock formed during impact will 
be reflected back toward the impact area rather than propagated 
away to infinity (i.e., dissipated). This is particularly 
significant for stones fracturing easily under tension. For 
these objects, a mass 

can still be completely shattered by the shock wave (generated 
during the event) which is reflected at the free surfaces and 
propagated inward as a tension wave. 

In the absence of sufficient factual information 
describing this catastrophic process, the following will be 
assumed: 

(i) the largest mass M2 completely shattered by M is 
given by 

M~ = ~ T M  

with Me M + M2 and r '  > r .  

(ii) when 

the semi-infinite target relations are valid and the 
collision is erosive. 
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Substituting these constants into eq. 7, one obtains 
an explicit expression for C ( M , M 2 )  in terms of M for erosive 
collisions 

For catastrophic impacts between two particles where 
T ' M  is greater than M 2 ,  we take the total available mass M + M 2  

to be equal Me 

Me = M + M2 

and obtain for catastrophic collisions 

This relation, together with eq. 5 and 13 defines the model 
crushing law employed in this study. 

Approximate numerical values for r and A, based on 
hyperveocity impact experiments into basalt by Gault et a1 
(1963) are given in Table I1 at several impact velocities 

TABLE I1 

V ( Km/s e c ) 

5 
1 0  

15 
20 

r 

1.3 x 10 2 

5 x lo2 

2 1 0 3  

3 1.1 x 10 

A 

1.3 x io 
5 x 10 

1.1 x 10 2 

2 x lo2 
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The value of r '  is more difficult to estimate. Gault . .  
(private communication) observed that a basalt particle is com- 
pletely shattered by a projectile l o v 3  times its mass, moving 
at 2 km/sec. Since r is about 20 at this velocity, 

for this case. It will be assumed, in what follows, that this 
relation is valid for higher projectile velocities as well. 

B. Collision Eauation 

In this section the mathematical formulation of the 
evolution of a system of inelastically colliding particles is 
developed. All objects will be assumed spherical and of iden- 
tical material properties. Given that f(m,t)dm is the number 
of particles per unit volume having a mass between m and m + dm 
at a time t, this function will change as a result of collisions 
between the particles because many new ones are constantly 
created (by fragmentation) and others destroyed. The system it- 
self  possesses a "sink" in the sense that sufficiently small 
particles are removed by radiation effects. 

In what follows, the system will be assumed suffi- 
cently random that an effective average collisional velocity 

(independent of particle mass) is meaningful; the collision cross 
section is taken as the cross sectional area of the colliding 
spherical particles. 
of finding the motion of the center of mass of the system of 
particles, then switching to the center of mass coordinate system; . 

the particle velocities will then be random, to a first approxi.- 
mation. Here we have invoked the analogy of a system of gas 
molecules in a moving box. 

This assumption is equivalent to the process 

An equation defining the collective evolution of our 
system of particles can now be defined. The time rate of 
change of the number of particles in a mass range of m to 
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by collisions with smaller ones. 
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+ 

.'I + dm is given, in a schemstic form, by the following expres- 
sion (individual terms are explained below): 

I 

rate of loss, because of "catastrophicyi 
collisions, in the number of particles per 
unit volume and unit time in the mass 1 

I1 
t I 

I11 

of particles in the mass range m to 

by erosive and catastrophic colli- 
crushing of larger objects 

+ dm, created per unit time and unit 

Term I is the rate of change of the number of parti- 
cles per unit volume and unit time in the mass range m to 
m + dm due to the fact that the masses are themselves changing 
in time. This is caused by collisional processes which erode 
particles into and out of the mass range m to m + dm with the 
passage of time. This expression is given by (Dohnanyi, 196713) 

(18)  a term (I) = - -- am 

where the prime on d'm is used to distinguish it from (dm/dt)dt. 

Eq. 18 can be understood by noting that the bracketed 
expression f(m,t)(dm/dt) is a flux term in the sense that it 
equals the number of particles (per unit volume) per unit time 
whose masses change, because of erosion, past the fixed mass 
value m. If we consider a two dimensional "phase space!' in the 
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two variables, mass m and time t; where all the particles in 
the sample are plotted as points moving along "trajectories" 
mi= mit) with i = 1,2,.-.NT then the number of particles (per 
unit volume) moving past a fixed mass value m per unit time is 
f(m,t)(dm/dt). The net rate of change in the number of parti- 
cles in the fixed mass range m to m + d'm is then readily seen 
to be the "divergence" with respect to m of the flux f(m,t)(dm/dt) 
multiplied by the increment d'm. The negative sign in eq. 18 
is necessary because if both f(m,t) and dm/dt increase (or 
both decrease) with increasing mass, more particles are l o s t  
from the mass range than are gained as can easily be verified.* 

We now estimate dm/dt which is the rate of mass loss 
of a particle with mass m undergoing erosive collisions with 
other masses that are not large enough to completely disrupt 
the particle with mass m. 

The amount of mass removed in a single collision with 
a mass M is, according to eq. 9, 

The number of collisions that a mass m will experi- 
ence (per unit time) with particles in a mass range M to M + dM 
is equal to the triple product of the geometrical cross sec- 
tional area of the (spherical) particles and the number density 
(per unit volume) of particles in the mass range M to M + dM 
and the mean collisional velocity: 

where K =  R i f  

* If, e.g., f(m,t) decreases with mass, there will be more 
particles at a mass m than at m + d'm. If, further, the parti- 
cle masses are decreasing faster at m than at m + d'm a net 
loss results. 
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Here v is the average collisional velocity and R is defined 

The t o t a l  mass removed from m per unit time due to 
all erosive collisions is then the product of eq. 19 by eq. 20 
integrated over appropriate limits, 

where p is the mass of the smallest objects present and n/ r '  is 
the smallest mass that completely disrupts m during a collision 
(cf. eq. 12). 

Since r 1  is of the order of lo3 or larger, the colli- 
sional cross sectional area can be taken to be 

Combining eqs. 18, 22 and 23 then yields 

which is the number of particles gained, in the mass range m to 
m t dm, per unit volume of space and unit time because of 
erosive collisions. 

We now substitute into eq. 24 a population index type 
number density function of the form 

f(m,t) = A(t)m-" (25) 
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and the following expression is obtained. 

term (I) = - -I A ( t )  Kr m-a - 1'3 2-a -(a-2/3)~1 2-jdm 

(26) 

2 
2-a 

where a= 2. 

Eq. 26 can be understood if we consider its value 
when 

where r ' u  is the mass of the largest object completely disrup- 
ted when colliding with 1-1. When a >  2, the first term in the 
bracketed expression on the right hand side of eq. 26 can be 
disregarded (in comparison with the second term in brackets). 
When a= 2, the result is a logarithmic expression. When a <  2, 
the second term in brackets on the right hand side of eq'n 26 
can be disregarded, with the result 

It can be seen, from eq. 28, that when a>4/3 the right 
hand side of the equation is negative and erosion decreases 
the number of-particles in any given mass range. When a< 4/3, 
the right hand side of eq. 28 is positive and have more larger 
particles and eroded into the mass range m to m + dm (per unit 
time) than are eroded out (of the mass range) into smaller mass 
values. For.  a= 4/3, term (I) vanishes, in first order, and hence 
the population is stationary with respect to erosion, i.e., as 
many particles are eroded into as are eroded out of the mass range 
m to m + dm per unit volume and unit time. 
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This completes our deviation of term (I) in the colli- 
sion equation. 

Term 11 in the collision equation (eq.17) which is 
the time rate of change because of catastrophic collisions in 
the number of particles (per unit time and unit volume) having 
a mass in the range m to m t dm can be readily derived. We 
note tha,t the number of collisions a particle (having a mass m) 
experiences with other particles is eq. 20 integrated over 
appropriate limits. The total number of such events experienced 
by masses in the range m to m t dm per unit volume ( and unit 
time) is then the product of the latter expression by f(m,t)dm. 
Therefor e 

where the minus sign is used to denote a particle removal pro- 
cess and where Ma is the mass of the largest object present. 
The range of values for M, m/r' - < M - < Ma, is seen to include 
all mass values that would completely disrupt m during an in- 
elastic collision (cf. eq. 12). 

Substitution of a population index type solution 
eq. 25 into eq. 30 yields, for masses m < <  Mm: 

1 2 

- 
/(-at11 term I1 = t [A& dmIl[AV (m/rl) -at1 

a + 5 / 3  (31) 
i 4  

- b-adm]3 p-a+5/3/( m -a+5/3) 

where only the leading terms have been retained and terms describing 
grazing collisions disregarded. For  a = 5/3, a logarithmic 
expression results. 

The expression labeled (1) in eq. 31 is the total 
c r o s s  sectional area of all particles in the mass range m to 

m + dm (per unit volume of space). Expression (2) is the 
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cumula t ive  f l u x  p e r  u n i t  area and unit t i m e  of p o i n t  p a r t i c l e s "  
having a mass m / r '  or g r e a t e r ,  p rovided  t h a t  >1. ( 3 )  i s  t h e  

f l u x  of p o i n t  p a r t i c l e s  ( p e r  u n i t  area and u n i t  t ime having a 
mass i n  t h e  r ange  m to m + dm.  ( 4 )  i s  t h e  cumulat ive c r o s s  
s e c t i o n a l  area ( p e r  u n i t  volume of space )  of a l l  p a r t i c l e s  
having a mass M m  or smaller, provided  t h a t  a<5/3.  

It can  t h e r e f o r e  be seen  t h a t  t h e  r a t e  o f  change i n  
t h e  number of p a r t i c l e s  ( p e r  u n i t  volume and u n i t  t i m e )  i n  t h e  

mass r ange  m t o  m f d m  due t o  c a t a s t r o p h i c  c o l l i s i o n s  g iven  by 

eq 31  i s  t h e  sum of two s e p a r a t e  c o n t r i b u t i o n s .  On the one 
hand, one has e x p r e s s i o n  (1) x ( 2 )  which i s  t h e  r a t e  of 
c a t a s t r o p h i c  c o l l i s i o n s  of  ou r  r r t a r g e t ' '  masses m due to t he  

i n f l u x  of p o i n t  p a r t i c l e s  w i t h  masses m/r' or g r e a t e r .  On 
t h e  o t h e r  hand, we a l s o  have expres s ion  ( 3 )  x ( 4 )  which i s  
t h e  r a t e  of i n f l u x  of ou r  masses m i n t o  randomly spaced t a rge t  
o b j e c t s .  It can r e a d i l y  be  seen  that  when a>5/3,  t h e  con t r ibu -  
t i o n  of ( 3 )  x ( 4 )  i s  n e g l i g i b l e .  T h i s  happens because,when 
u >  5/3, small p a r t i c l e s  are s o  abundant t h a t  c a t a s t r o p h i c  
b reak  ups of  o b j e c t s  having a mass m are mainly caused by 
c o l l i s i o n s  w i t h  smaller o b j e c t s  having a mass i n  t h e  neighbor- 
hood of m / r l .  When a <  5/3, t h e  converse i s  t r u e ;  (1) x ( 2 )  

becomes n e g l i g i b l e  and the f requency  of c a t a s t r o p h i c  encoun te r s  
tha t  o b j e c t s  w i t h  a g iven  mass expe r i ences  i s  determined b y  

t h e i r  c o l l i s i o n  p r o b a b i l i t y  w i t h  t h e  l a r g e s t  o b j e c t s  i n  t h e  

p o p u l a t i o n .  When a= 5/3, bo th  o f  these c o n t r i b u t i o n s  are 
s i g n i f i c a n t .  

"By t he  e x p r e s s i o n  " p o i n t  p a r t i c l e "  a p a r t i c l e  i s  meant 
t h a t  has no s ize  i . e . ,  a l l  o f  whose mass i s  concen t r a t ed  i n t o  
a mathemat ica l  p o i n t .  
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Term (111) of the collision equation (eq. 17) is the 
number of particles, in the mass range m to m + dm, created per 
unit time and unit volume by the erosive and catastrophic frag- 
mentation of inelastically colliding larger objects. It can be 
expressed (Dohnanyi, 196713) in the form 

term. I11 = K m -‘ dJMmdMImdM2 C(M,M2) f(M,t)f(M2,t) 
m/ A 

x(IVI’/~ + M2 1/3)2 

This expression can be understood in the following 
manner : 

C(M,M2)m- ‘dm ( 3 3 )  

is the number of particles created into the mass range m to 
m + dm by one single erosive or catastrophic collision between 
an object with mass M and a larger object of mass M2 (cf. 
eq. 5 and 12). The quantity 

K f(M,t)dM f(M2,t)dM(M + M2 1 / 3 ) 2  ( 3 4 )  

i s  the total number of collisions per unit time and unit 
volume of objects having masses in the range M to M + dM with 
objects having masses in the range M2 to M2 + dM2. 
quantity 

The 

K m- ‘Ldm C(M,M2)f(M,t)dM f(M2,t)dM2 

( 3 5 )  
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i s  t h e n  t h e  r a t e  ( p e r  u n i t  t i m e  and u n i t  volume) of  p roduc t ion  
of  masses i n  t h e  range  m t o  m + dm by t h e  c o l l i s i o n  of o b j e c t s  
i n  t h e  mass r ange  M t o  M + dM w i t h  o b j e c t s  i n  t h e  mass range  
M2 t o  M2 t dM2 provided  t h a t  t h e  abundance of t h e  l a t t e r  i s  

g i v e n  by f (M, t )dM and f(M2,t)dM2, r e s p e c t i v e l y .  
I n t e g r a t i n g  eq .  35 over  a p p r o p r i a t e  l i m i t s  i n  o r d e r  

t o  estimate t h e  c o n t r i b u t i o n  ( t o  t h e  p a r t i c l e  c r e a t i o n  i n  mass 
r ange  m t o  m + d m )  o f  a l l  p e r m i s s i b l e  c o l l i s i o n s  between masses 
M and M2, w e  o b t a i n  eq .  32 .  

Using eqs. 1 3  and 15, ( C ( M , M  ) can be expressed  ex- ' 2  
p l i c i t e l y  i n  eq .  3 2 ;  t h e  r e s u l t  i s  

term (111) = K ( 2 - ~ ) m - ~  A n - 2  d m  

Mm/r 
X {LlA . d M L r t M d M 2 ( M + M 2 )  ( M 1 I 3  + Ma ' I3) M n m 2 f  ( M ,  t ) f  (M2, t ) 

Here the f irst  and t h i r d  i n t e g r a l s  refer t o  c a t a s t r o p h i c  c o l l i -  
s i o n s  between masses M and M2 such t h a t  bo th  are t o t a l l y  d i s r u p -  
t ed  
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where I " M  i s  t h e  largest  mass comple te ly  d i s r u p t e d  d u r i n g  a 
c o l l i s i o n  wi th  M. The second i n t e g r a l  refers  t o  e r o s i v e  c o l l i -  
s i o n s  between masses M and M2 such t h a t  M2 behaves as a n  i n f i -  
n i t e  t a r g e t  

and t h e  mass r e d i s t r i b u t e d  i s  j u s t  rM. 

The t h i r d  i n t e g r a l  re fe rs  to c a t a s t r o p h i c  c o l l i s i o n s  
between o b j e c t s  i n  t h e  mass r ange  M o o / T f  to M m .  For t e s t  
masses m 

m/A 2 Mm/rf ( 3 9 )  

where m i s  t h e  l a r g e s t  fragment c r e a t e d  d u r i n g  impact by a 
" p r o j e c t i l e "  o b j e c t  of mass m/A, t h e  f i r s t  two i n t e g r a l s  are 
ze ro  and on ly  t h e  t h i r d  i n t e g r a l  i? r e t a i n e d  w i t h  lower l i m i t  
o f  m/A r e p l a c i n g  M,/r'. 

We now s u b s t i t u t e  a p o p u l a t i o n  index  t y p e  number den- 
s i t y  f u n c t i o n ,  eq .  25 i n t o ,  eq .  36. The r e s u l t  i s  

- 
t e rm I11 = m 'dm 

where 
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where only the leading term has been retained; eq. 40 is valid 
under the following restrictions 

where AMca/I" is the largest fragment when Moo is completely dis- 
rupted by an object having a mass Mm/Tf. 

We now discuss the physical meaning of eqs. 40 and 41. 
Eq. 40 is the leading term arising from the contribution of 
catastrophic collisions to eq. 36. The contribution of erosive 
collisions is of the order of r/rf = 50- l  times (smaller than) 
eq. 40 for populations satisfying eq. 42-ii. 

The comminution law, for a single catastrophic 
event is (eqs. 5 and 15) 

g(m,M,M2) = L 2 - n ) A n e 2  M2Mn-j m-ndm, for M<< M2 ( 4 3 )  

The expectation value of eq. 43 for all permissible 
collisions (per unit time and unit volume) between projectiles 
having masses m/A or greater and target masses of rtm/A or 
greater* is eq. 40; the quantity q ( m / A ,  rtm/A> is the 
expectation value of the bracketed quantity in eq. 43. 

"I 'h is  condition 'insures that at least some of the fragments 
will have a mass in the range m to m + dm. 
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Writing out term I11 (eq. 40)  explicitly, we obtain 
for the number of particles created per unit volume and unit 
time 

where the comminution law population index cancels from the 
mass exponent. This happens because the most important contri- 
bution to the creation of objects in the mass range m to m + dm 
arises from collisions where the mass m represents the mass 
of the largest fragments produced and, for a given number of 
collisions, the number of largest fragments produced is proport- 
ional to the number of collisions and not to the way smaller 
fragments are distributed. Mass, of course, must be conserved 
and the presence of the index rl in the coefficient on the right 
hand side of eq. 44  partially insures this requirement. 

In order that the dominating contribution to the pro- 
duction of masses in the range m to m + dm should consist in 
the largest fragments, it is necessary that the population index 
a be greater than a certain value (condition (iii), eq. 411, 
otherwise large masses are so abundant that masses smaller than 
Mb will significantly contribute to the production rate eq. 4 0 ,  
and the exponent I-I will no longer cancel. Specifically this 
happens when 

a < L ( +5/3) 2 

i.e., when condition (iii), eq. 42 is violated. 

( 4 5 )  
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i.e., if condition (ib), eq. 42 is violated, then large masses 
are sufficiently abundant that the catastrophic and erosive 
crushing of the largest objects (with masses in neighborhood 
of M,) will dominate the particle production rate eq. 36. 

The influence of the large mass cutoff on the distri- 
bution at M, also modifies the particle production rate (as one 
would expect). This complication is, however, absent for objects 
with relatively small masses satisfying condition (I), eq. 42. 

It is.interesting to note that when a = u/6, the 
dependence on 17 of the expression in eq. 44 cancels. The 
production rate of masses in the range m t o  m + dm is in this 
case simply proportional to m-2 dm. 

IV. SOLUTION OF THE MODEL FOR ASTEROIDS 

In this section, the collision equation (eq. 17) is 
solved f o r  a special case and the significance of the solution 
discussed. 

Substitution of the explicit expressions eq. 26.,31 
and 44 for the various terms in eq. 17 yields (after cancel- 
lations) 
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where m-"(dA(t)/dt)dm is the rate at which the number of objects 
(per unit volume) in the mass range m to m + dm is changing in 
time. Eq. 46 is valid under the following restrictions (cf. 
eq. 42). 

where I"p is the largest object that can be completely disrupted 
when a particle of mass p collides with it and AMm/rf is the 
mass of the largest fragment when the largest object in the 
sample Ma, is catastrophically broken up by an object having a 
mass Ma/I". 

It can be seen, that for a not in the neighborhood 
' of a = 2 but less than 2, the erosion term (first term on the 
right hand side of eq. 46) is smaller than the catastrophic 
collision particle removal term (second term) by a factor of 
the order of r/rf = 1/50 and is negligible in a first approxi- 
mation. It is therefore evident that erosion plays only a minor 
role in "shaping" the distribution of our particles (cf.. discussion 
accompanying eq. 40). 

The time dependent equation (eq. 46) can only be 
solved for constant c1 if 

-a = -2a+5/3 , i.e., a = 5/3 
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This result, however, violates the first condition in eq. 47 
and therefore gives rise to a contradiction. 
for a - < 5/3, the particle creation term (term 111) becomes, 
approximately, 

More specifically, 

where use has been made of the relation 

It can be shown that for r ) <  5/3, similar (but not identical) 
conclusions apply. 

From eq.30 it can easily be shown that when a= 5/3, 
term 111, eq. 49 is of the order of M m  r)-5'3(r?/A) 2-n m -r1+5/3 

times greater than is term 11. It therefore follows, from eq. 
46, that when CY= 5/3 the fragmentation of large objects will 
defi,nitely alter the distribution of particles since large 
quantities of objects with a population index Q are added to the 
population of smaller particles. Whence the largest objects in 
the distribution give rise to an evolution of the whole system 
of particles. Equation 46 is obviously not satisfied f o r  
CY = 5/3 and m < <  A M m / I " .  

The only way eq. 46 can be satisfied with constant a 

is then the steady state solution 



BELLCOMM, INC. - 27 - 

We therefore have 

where the erosion term has been disregarded and the quantity 
X A m  -2a+5/3 factored out. 

E q .  51 is solved for 

01 = 1116 

which is the first approximation to the steady state solution. 

E q .  52 indicates that as long as r l > >  r ,  such that 
the erosion term (term I) can be disregarded, the steady 
state solution a = 1116 is insensitive to the physical 
parameters I?, I", TI (provided that T I <  2), and A . Thus, had 
we assumed that the physical parameters r ,  r 1  and A depend 
on some power of the velocity other than two (i.e., kinetic 
energy scaling) the same results would follow regarding the first 
order approximation of the steady state value of a. It is 
therefore evident that the result a= 11/6 for a steady state 
population is rather insensitive to the precise details of the 
impact mechanics used. 

Some of the properties of a population witha= 1116 
can be discussed if one computes the total mass crushed 
catastrophically M12, by "projectile" objects in a mass range 
m to m2 impacting much larger target masses: 1 
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- K A 2 ( r t )  -a+8/3 ($2 c1+11/3 -2ct+11/3 \ 1 
- ml 1 

- 
(-a+8/3) (-2ct+11/3) 

when ct 8 11/6 (53)  

It can be seen, from eq. 53, that when ct > 11/6, the 
dominating term is ml -2ct+11/3 for sufficiently great range of 
projectile masses (i.e., for m2 >>m ) and hence, practically 
all the crushed mass is produced by small projectiles. When 
01 < 11/6, the converse is true and practically all crushed mass 
is produced by large projectiles. When a = 1 ~ 6 ,  then the 
rate of mass production by crushing is independent from the mass 
of the projectile and is only a function of the ratio of the 
mass m of the largest and rn, of the smallest projectiles in 
the range considered. Therefore, when ct 4 11/6, the rate of 
mass production is sensitive to the "end points" 1.1 or Moo in 
the distribution (depending on whether a is greater or less 
than 11/6, respectively) while for a = 11/6 the mass production 
is constant for fixed logarithmic intervals of projectile masses 
N2/M1 and is therefore only a weak function of the "end points" 
(a cnange by a factor of elo in the mass of either end point 
would only change the total mass production rate by a factor 

1 

2 -_ 

of 10). 
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The result a = 1116 is based on the simplified rela- 
tion, eq. 51. A more correct treatment has to consider the 
small (but finite) influence of erosion (term I) as well as the 
numerous higher order terms when the collision equation (eq. 17)  
is evaluated for a population index type number density func- 
tional (eq. 25) under the restricting conditions eq. 50. This 
program has been carried out by the writer and numerical values 
of the various collisional processes as a function of the popu- 
lation index a are given in Fig. 2 and Fig. 3. These figures 
are plots, in units of (K A* m-2a+5'3)-1 , of the number of 
particles per unit mass unit volume and unit time removed 
(or created) by the individual collisional processes and their 
sum for two different average collisional velocities, as indi- 
cated. The population index of the crushed fragments during 
each collision, 7 7 ,  is taken to be the experimental value 1.8. 
The value of a at which the curve representing the sum of all 

L processes crosses the horizontal axis (i.e., the value of at 
which the individual process adds up to zero) is the solution 
for aof eq. 17.  

It can be seen, from Figs. 2 and 3, that the particle 
creation term is significant only for values of ~1 lower than 
about 1.92 while erosion dominates for higher values of a. The 
individual processes and their sums exhibit remarkably similar 
trends; the values of aat which steady state is reached is 
a = 1.841 in Fig. 2 and 1.835 in Fig. 3. It can also be seen 
from Fig. 2 and Fig. 3 that if erosion were completely absent, 
the value of a at which steady state is reached would be 
shifted toward the slightly higher value of about 1.842 to 
1.845. If, however, the catastrophic collision process were 
absent, the steady state distribution would have a somewhat 
'%teeper" population index of about 1.92 to 1.93. It can there- 
fore be seen that the steady state distribution is determined by 
the balance of the creation and catastrophic collision processes 
and erosion has only a minor effect on the steady state distri- 
bution. 
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In view of the fact that the material parameter r is 
by a factor of 400 greater in Fig. 3 than in Fig. 2, we conclude 
that the value of c1 at which steady state is reached as well as 
the relative trends of the individual collisional processes are 
insensitive to the material parameters, as we have deduced earlier. 
The same holds for r l ,  since a modest variation in T-, is found to 
produce no significant departures. This is indicated in Table 
111. This table is a list of the values of c1 for which steady 
state conditions have been reached, i.e., for which eq. 27 is 
satisfied, f o r  various values of the parameters r and TI ; the 
average collisional velocity for each case is also indicated. 
The interpolation error in the numerical value of 01 is about 
- + .0005. 

TABLE 111 

q = l .  7 n = i .  8 r l= l .  9 

5 1.843 1.841 1.839 1 
20 1.841 1.839 1.838 2 
125 1.838 1.837 1.836 5 
500 1.836 1.836 1.835 10 
1125 1.835 1.835 1.835 15 
2000 1.835 1.835 1.834 20 

It can be seen, from the table, that the value of a, 
at which a steady state is reached is in the range of 
1.834 < c1 <1.841, depending on the material parameters which 
range over several orders of magnitude. Higher collisional 
velocities tend toward a slightly lower equilibrium value of c1 

than do lower velocities and a small but significant change in 
r~ produces an insignificant change in the equilibrium value of 
a. 
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We now examine the stability of the solution eq. 52. 

for small masses when steady state conditions are not fully satis- 
'fied and we allow a to be slightly different from the steady state 
value and therefore a function of time. 

The normalization constant A will now be rewritten in 
4 

terms of the total mass of the system, MT, and the 
largest object, Mh (cf. Table 1). One obtains 

mass of the 

( 5 4 )  

And hence 

- lterm I1 I t 1 term I11 I }  dm = {  
dm 

(55)  

where MT and Ma are assumed constant as a first approximation. 
Since a < 2, the expression in the bracket is positive for 
masses m somewhat smaller than Mm . 
111) exceeds removal (term 11) of particles in a mass range m 
to m + drn then a increases in time. -This merely reflects the 
fact that since each process of catastrophic collision adds a 
whole spectrum of particles having masses equal to or smaller 
than the size of the largest fragment, smaller particles are 
"piled up" faster than are larger ones and hence a increases 
with time if this process is not balanced by a particle re- 
moval mechanism. If the removal term (term 11) exceeds the 
creation rate (term III), then a decreases with time. This 
follows since small particles, being more numerous than larger 
ones, undergo correspondingly more catastrophic collisions 

Whence, when creation (term 

and therefore they will deplete faster (if not replenished) 
than do the larger objects, hence a decreased with time in this 
case. Similar conclusions follow if term 1 (erosion) is in- 
cluded in eq. 55. 
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It can furthermore be seen, from Figs. 2 and 3, that, 
for a value of 01 which is smaller than necessary to produce 
steady state, the particle creation process (term 111) 
dominates. Eq.  55 indicates that in this case a will increase 
with time toward the steady state value. If a is greater than 
the steady state value, the particle removal processes will 
dominate and hence, by eq. 55, a will decrease in time toward 
its steady state value. The steady state distribution is 
therefore shown to be stable by this simplified analysis. 

V. APPLICATION AND DISCUSSION 

A. Model Distribution 

In this section, a model distribution of debris 
in the asteroidal belt is defined and compared with observation. 
This is accomplished by a suitable choice of the physical 
parameters and the number density function is then normalized 
t o  the observed number of asteroids. 

In order to estimate the mean collisional velocity 
for asteroidal particles, we note that the overwhelming 
majority of asteroidal orbits have a very low eccentricity 
with an average value of about .15 (see, for example, Watson, 
1956). Thls means that the asteroidal velocities are 
reasonably well approximated by their transverse component 

where V is in Km/sec and R is the distance from the sun in 
AU . 

Under this approximation, the relative asteroidal 
velocities Vrel become functions of only R and the orbital 
inclination i. Written explicitly, 
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I n  n I 

're1 = 7 / V f  + v; - 2v1v2 C0S(il - i 2 )  

where t h e  a l g e b r a i c  s i g n  of i depends on whether t he  o b j e c t  
i s  ascending  or descending i n  i t s  o r b i t .  

I n  o r d e r  t o  es t imate  t h e  e x p e c t a t i o n  v a l u e  of 
1 - c o s ( i l  - i2), w e  make use  of r e s u l t s  pub l i shed  by 

Watson (1956) .  T h i s  a u t h o r  has d i s c u s s e d  t h e  d i s t r i b u t i o n  of 
t h e  i n c l i n a t i o n  of about  1500 a s t e r o i d s  and p l o t t e d  t h e  r e s u l t s ;  
g r a p h i c a l l y .  Assuming tha t  t he  nodes are randomly d i s t r i b u t e d  
a symmetric f u n c t i o n  i n  i can t h e n  eas i ly  be c o n s t r u c t e d  for 
t h e  r e l a t i v e  number of a s t e r o i d s  ascending  i n  a n  o r b i t  of 
i n c l i n a t i o n  i ( o r  descending i n  an o r b i t  w i t h  " i n c l i n a t i o n "  
-i). T h i s  program has been c a r r i e d  out  by t h e  wr i t e r  w i t h  

the  r e s u l t  t h a t  t h e  r o o t  mean squared average  v e l o c i t y *  i s  
g iven  by 

w i t h  a r o o t  mean squa re  d e r i v a t i o n  of about  t h e  same magni- 
t u d e .  A v a l u e  of R - 3AU has been employed. S ince  t h e  
a s t e r o i d a l  b e l t  ex t ends  from about  2 AU t o  about  3.5 AU, we 
expec t  t ha t  t he  r e g i o n  a t  R = 3AU i s  s u f f i c i e n t l y  c l o s e  t o  
t h e  c e n t e r  of the a s t e r o i d a l  b e l t  t o  be  r e p r e s e n t a t i v e .  

> = 0 s i n c e  the  e x p e c t a t i o n  v a l u e  of <'re1 
* 

$1 - cos(il - i 2 ) ' w i t h  r e s p e c t  t o  a symmetric d i s t r i b u t i o n  
i n  ze ro ;  t h i s  m e r e l y  r e f l ec t s  the  f a c t  that  Yrel p o i n t s  
North as o f t e n  as i t  p o i n t s  South.  
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Assuming t h a t  t h e  d i s t r i b u t i o n  i n  i n c l i n a t i o n s  of 
t h e  observed a s t e r o i d s  i s  r e p r e s e n t a t i v e  of the smaller ones ,  
w e  take 5 Km/sec as the mean c o l l i s i o n a l  v e l o c i t y "  f o r  ou r  
model. The p o p u l a t i o n  index  of t h e  steady s t a t e  d i s t r i b u t i o n  
f o r  t h i s  v e l o c i t y  i s  t h e n  g i v e n  i n  T a b l e  111, f o r  rl = 1 . 8 ,  

CY = 1.837 ( 5 9 )  

We now c o n s i d e r  a g a i n  t h e  d i s t r i b u t i o n  of  t h e  
known a s t e r o i d s  as g i v e n  by Kuiper e t  a l ,  1958 ( c f  F i g .  1). 
F i g .  4 i s  a p l o t  of  t h e  number of  a s t e r o i d s  as a f u n c t i o n  of  
a b s o l u t e  photographic  magnitude g pub l i shed  by these a u t h o r s  
and t h e r e f o r e  i s  i d e n t i c a l  t o  F i g .  1 i n  t h i s  r e s p e c t .  

The s o l i d  s t r a igh t  l i n e  i s  a n  e m p i r i c a l  least  squa res  
f i t  by t h e  wr i t e r  as i n  F i g .  1 and t h e  r e s u l t i n g  number d e n s i t y  
as a f u n c t i o n  of  mass has a p o p u l a t i o n  index .  

The dashed s t r a i g h t  l i n e  i s  a least  squa res  f i t  t o  
t h e  data w i t h  a p o p u l a t i o n  index  1.837,  ( eq .  5 9 ) .  It can be 

seen ,  from the  f i g u r e ,  t ha t  t h i s  r e l a t i o n  f i t s  t h e  data 
r easonab ly  w e l l .  The v a l u e  CY = 1.837 i s ,  i n  f a c t ,  w i t h i n  t h e  

s t a n d a r d  d e v i a t i o n  of t h e  e m p i r i c a l  f i t ,  eq. 60. The number 
of a s t e r o i d s  N ( m ) d m  i n  t h e  mass range  m t o  m + dm i n  t h e  
a s t e r o i d a l  b e l t  i s  t h e n  g i v e n  by 

1 6  ,-1.a37 N ( m ) d m  = 2.59 x 10 d m  x +1 4- 

I n  o r d e r  t o  estimate the  number d e n s i t y  of  a s t e r o i d s  
i n  t h e  mass r a n g e  m t o  +dm w e  need t o  estimate t h e  volume t o  
which t h e y  are conf ined .  

*It can be shown t h a t  t h e  sp read  i n  t he  o r b i t a l  e c c e n t r i c i t i e s  of  
a s t e r o i d s  c o n t r i b u t e s  a smaller r e l a t i v e  v e l o c i t y  which, i s  neg- 
l i g i b l e  i n  view of  t h e  u n c e r t a i n t i e s  a l ready p r e s e n t  i n  Vrel .  
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Narin (1956) has treated the distribution of the 
latitudes of the positions of 1563 asteroids and obtained 
an empirical fit giving the number of asteroids as a function 
of latitude in 2' intervals averaged for the years 1954 through 
1974. Using Nar'in's result it is easy to show that about 81% 
of the 1963 asteroids are confined to a latitude of 10' or 
smaller. We therefore assume that asteroidal bodies are 
effectively distributed into a volume of revolution generated 
by a line inclined by 10' to the ecliptic and bounded by spheres 
with radii* of 3.5 AU from the outside and 2 AU from the inside 
The resulting volume is then 8.47 x meter . 3 

Assuming no correlation between asteroidal masses and 
inclinations, we normalize 81% of the asteorids to the 
volume of 8.476 x meter3. The result 

f(m)dm - 2.48 x 16'' m-1*837 dm/meter 3 

where f(m)dm is the number density of asteroids in the asteroidal 
belt per meter3 in the mass range of m to m + dm Kg. 

For the parameter Ma we choose the mass corresponding 
to g = 4, 

20 M = 1.88 x 10 Kg. 
W 

This choice is, however, an extremely conservative 
lower limit. The number density of observed asteroids in the 
neighborhood of g - 4 is (in a statistical sense) an order of 
magnitude higher than is the theoretical value given by eq. 61. 
If one divideds the three largest asteroids into a fractional 

*This choice for the radial extent of the asteroidal belt 
coincides (approximately) with the region into which the 
asteroids of Kuiper et al's survey are distributed. 
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number of o b j e c t s  i n  t h e  r ange  of magnitudes 6>g>gm where 
gm corresponds  t o  a f i c t i t i o u s  bu t  s t a t i s t i c a l l y .  meaningful  
o b j e c t ,  t h e  cor responding  v a l u e  of Ma i s  cons ide rab ly  l a r g e r  
t h a n  1 .88  x lo2' Kg. 
w i l l  r e f e r  t o  i t  a g a i n  b e f o r e  c l o s i n g  t h i s  s e c t i o n .  

We do no t  c a r r y  o u t  t h i s  program but  

B.  S t a t i s t i c a l  P r o p e r t i e s  of A s t e r o i d a l  Fragments 

I n  t h i s  s e c t i o n ,  a number of s t a t i s t i c a l  p r o p e r t i e s  
of t h e  d i s t r i b u t i o n  of a s t e r o i d s  and t h e i r  f ragments  w i l l  be  

d e r i v e d  u s i n g  t h e  p r e s e n t  c o l l i s i o n a l  model and t h e i r  s i g n i f i c a n c e  
d i s c u s s e d .  

Using eq .  62 ,  one can c a l c u l a t e  t h e  ra te  a t  which 
p a r t i c l e s  are undergoing c o l l i s i o n a l  p r o c e s s e s  d e s c r i b e d  by 

t h e  model. The r e s u l t  i s  F i g .  5 where these ra tes  are p l o t t e d  
l o g a r i t h m i c a l l y  as a f u n c t i o n  of mass i n  K g .  Rates are expressed  
p e r  y e a r  and are m u l t i p l i e d  by t h e  e f f e c t i v e  volume of  t h e  

das te ro ida l  b e l t  s o  t h a t  t h e  r e s u l t  i s  the  t o t a l  number of 
o b j e c t s  undergoing t h e  v a r i o u s  p r o c e s s e s  i n  t h e  a s t e r o i d a l  
b e l t  ( ra ther  t h a n  p e r  u n i t  volume) w i t h i n  a l a t i t u d e  of 
- t l o o .  
mean c o l l i s i o n a l  v e l o c i t y  i s  5 Km/sec and TI i s  1.80. 

The p o p u l a t i o n  index  i s  t a k e n  e q u a l  t o  1 .837,  t h e  

$ ( m ) d m  i s  t h e  t o t a l  number of o b j e c t s  zreated 
p e r  year i n  t h e  mass range  m t o  m t d m  Kg, and i s  g iven  
by eq. 36 e v a l u a t e d  w i t h  t h e  u s e  of eq. 62 and mul t i -  
p l i e d  by t h e  volume of t h e  b e l t  (and expressed  i n  appro- 
p r i a t e  u n i t s ) .  We p l o t  $ ( m )  = $ ( m ) d m / d m  ra ther  t h a n  
g m ) d m  s o  t ha t  the  y e a r l y  r a t e  cor responding  to a c e r t a i n  

v a l u e  of m has t o  be m u l t i p l i e d  by a d e s i r e d  mass r ange  d m  

i n  o r d e r  t o  o b t a i n  t h e  number of o b j e c t s  y e a r l y  c r e a t e d  i n  
t h a t  mass range .  We f i n d ,  f o r  example, tha t  for m = 1 0  Kg, 
$ .'10-6/(yr K g ) .  

8 

T h i s  means t ha t  i f  w e  take a mass range  of 
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8 10 
becomes lo7 Kg 9 %  - lO/year and hence, 10 objects in this mass 
range are created every year (on the average) by collisional 
break up of larger objects. The departure from linearity of 
$(m) at m - % Kg is caused by the fact that one is 
approaching M m ,  the top mass of the distribution. 

t o  lo8 + lo7 Kg, the yearly creation rate, in this range, 

The quantity @(m)dm is the number of objects in 
the mass range m to m + dm destroyed by catastrophic collisions 
per year and is given eq. 30, multiplied by the total volume 
and expressed in appropriate units. The numerical values of 
$(m) and @(m) are almost equal and are plotted in Fig. 5 as 
a single curve for masses less than 1015 Kg, this reflects 
the relative unimportance of the erosion process in the steady 
state distribution described by the present model. 

The expression i(m) is the total mass in Kg of 
objects having a mass of m Kg or smaller creater yearly due 
to collisional fragmentation; it is given by 

$(m')m' dm' ( 6 3 )  r M(m) = 

1-I 

where $(m)dm is given by eq. 36. It can be seen, from Fig. 5 
th2.t the total asteroidal mass, crushed yearly, is about 10 Kg 
(with an uncertainty of about ~ 1 6 -  ) .  

12 
+1 

For m sufficiently small, eq. 63 gives an estimate 
of the mass removed yearly from the asteroidal belt by radia- 
tion forces. Since in this model we have arbitrarily chosen 
u as the smallest object created, fi (1-1) = 0. It is, however, 
to be expected that objects with a mass F ' u  or less will be 
strongly influenced by radiation forces since they are no 
longer large enough to experience collisional processes by 
much smaller particles, the latter being absent because they 
are blown away by radiation pressure. We therefore assume, 
somewhat arbitrarily, that an upper limit of the yearly 
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mass l o s s  from the asteroidal belt due to radiation damping 
(Robertson, 1936) and radiation pressure is given by 
M(T'u)in Kg/yr. According to Fig. 5, this quantity is about 
7 x 10 Kg/yr. In view, however, of the fact that the 
distribution of such small particles is likely to be strongly 
influenced by collisions with cometary meteoroids a reliable 
figure for the yearly mass loss can only be given after the 
problem under discussion has been treated. Whipple (1967) 
estimated the yearly mass input required to maintain the 
zodiacal cloud. He found that the total mass input of 
particles having a mass of .1 Kg or less is 10 or 20 tons per 
second (or 3 to 6 x lo1' Kg/yr). 

1 0  

The total asteroidal mass 
of particles having a mass of lo-' Kg or smaller, is, from 

+1 Fig. 5, about 3 x 101lKg/yr (with an uncertainty of x 16- ) .  

Asteroidal particles may therefore contribute, significantly, 
to the zodiacal cloud. In order for the asteroidal particles 
to be dispersed into small perihelion orbits ( <1AU, for 
example), they must be so small that radiation damping is 
significant or else the collision responsible for the creation 
of the particles must involve a very large momentum transfer. 
It is therefore necessary to treat the d-ynamical interaction 
of the population of asteroidal particles with that of the 
cometary particles before one can precisely estimate the 
influence of asteroidal debris on the zodiacal cloud. 

We note that when M(T'u) is averaged over a period 
of lo9 years, the result is 7 x lo1' Kg which is the same order 
of magnitude (but smaller) as the mass of one of the largest 
objects present. This mass removal rate therefore requires 
the presence of one parent object in addition to others already 
available in very early times and therefore does not involve 
arbitrary assumptions. 
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We now consider the total mass MT of the asteroids 
and their debris within a latitude of 10'. Using Table-1, 
we obtain 

2- d 
MT = A(2-a)-' M m 

Choosing Moo = 1.88 x lo2' corresponding to an absolute 
magnitude g = 4, we obtain for the total mass density of 3.1 x 

total mass of 2.6 x 10 Kg. This latter value is of the same 
order of magnitude as the mass of one of the three largest 
asteroids. Practically all the mass in the asteroidal belt is 
therefore concentrated in the largest asteroids. 

Kg/meter3 (i.e. 3.1 milligrams/kilometer 3 ) or a 
20 

Fig. 6 is a double logarithmic plot of the 
rate fi at which the radius of a spherical object changes with 
time due to erosion as a function of the mass in Kg of the 
object; the radius of an object having a mass m and a density 
of 3.5 x lo3 Kg/m3 is also indicated. 
expression for R is readily derived from eqs. 22, 25 and 62; the 
result is 

The mathematical 

in an arbitrary system of units. 

The most obvious feature of eq. 64 (cf. Fig. 5 )  is 
that R is not a constant but a function of the mass of 
the object undergoing erosion. We remind the reader that the 
process of erosion as defined in this paper is not due alone 
to collisions with small micron sized particles but also to 
collisions with all masses up to m/rt where m is the mass of 
the objects being eroded. Since in our model the population 
index a is less than 2, the particle number density is such that 
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the total mass eroded away from a given object by collisions 
with microparticles is much less than is the mass eroded away 
by larger objects. We therefore have a situation where 
objects that are large in comparison with microparticles are 
sufficiently abundant to dominate the erosion process. The 
erosion rate of an object with a given mass m is then 
determined by the abundance of  all objects with masses less 
than m/rf which is the mass required to produce catastrophical 
break up of m and hence the nonlinear dependence of 
ii on m. 

It can be seen, from Fig. 6, that fi of a particle 
increases with increasing particle mass. For large asteroids 
having a mass of  l0l8Kg, the erosion rate is of the order 
of a meter/106 Yr which is a Km in lo9 years. 
way to check the accuracy of this figure, but we note that the 
lunar highlands are saturated with craters of a size range 
of tens of Km and smaller. Assuming most of  these craters to 
be of impact origin and that the highlands have an age of 
the order of billions of years (and the maris are much younger), 
we note that if the moon did not possess a gravitational field 
it would surely be '7eroded" to a depth of several kilometers. 
If the lunar impact environment has been comparable to that 
of the large asteroids, our result in Fig. 5 appears to be 
reasonable. In view of the fact that the impact environment 
of  the moon has probably been less severe than is the environ- 
ment in the asteroidal belt, at least f o r  a very long time in 
the past our result in Fig. 5 appears to be reasonable. 

There is no 

The values of R f o r  small masses in Fig. 5 are not 
realistic since attention was not given to the influence of 
erosion by cometary meteoroids and spallation due to cosmic 
rays. These processes have been estimated by Whipple (1967) 
to give rise to an erosion rate not exceeding about 50 A/yr 

0 
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for stones. This upper limit is indicated in Fig. 5 as a 
horizontal dashed line. While Whipple’s estimate applied to 
objects with orbits intersecting the earth’s orbit, his 
upper limit is still meaningful for particles in the asteroidal 
belt if the erosive effect of cometary meteoroids in the 
asteroidal belt is taken to be comparable to or lower than is 
the case near earth. 

Fig. 7 is a double logarithmic plot of particle life- 
times in years as a function of particle masses in Kg, as 
given by the present model; shaded area is the range of the 
systematic error because of the albedoiE. The lifetime of an 
object with respect to catastrophic collisions T is taken 
as the inverse of the probability per unit time that the 
object will experience a catastrophic collision and is given 
by (cf. discussion preceeding eq. 30) 

cc 

where a > 5/3 and where @ is the result of performing 
the indicated iteration: 

r 

%The reader should bear in m i n d  that, as has been pointed 
out. the shaded areas represent the ranges of systematic error 
but not that of rando-in error. This means that if there is 
reason to revise downward the nominal value of asteroidal 
albedos, then ALL of the life times (provided with shaded 
areas) will have to be moved downwards from their nominal 
values by the same factor in Fig. 7. 
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Terms of the order of M W  and smaller have been omitted. 

It can be seen, from eq. 65, that ~ ~ ~ ( m )  is the 
mean collision time for particles of mass m with particles 
of mass m/r' or greater. Eq. 65 is an upper limit since 
during a time T '  the mass of the object will continuously 
erode into smaller values and hence will.have a smaller life- 
time with respect to catastrophic collisions because T~~ 
decreases with mass, as indicated by eq. 65. This reflects 
the fact that, in the present model, the number of particles 
that can cause a disruptive encounter(for a given cbject) 
increases faster with decreasing particle mass than is the 
corresponding decrease in the collision cross section. 

cc 

The value of.Tcc for the largest asteroids is of the 
9 order of 10 years (cf. Fig. 7). If the average geometrical 

albedo of .2 for the four largest asteroids is representative, 
then the nominal curve for T is the correct value for the 
asteroidal life times. It can be seen, from Fig. 7, that the 
life time of the six largest asteroids with masses m - > 

is equal to or greater than 4 x 10 yr and therefore may have 

years ago). 
than the life time of the solar system and may therefore be 
collisional fragments. 

cc 

9 
survived since the time of their creation (presumably 4 x 10 3 

The other asteroids have life times T~~ shorter 

The lifetime with respect to erosion is defined by 
eq. 22 when the latter is integrated to obtain the particle 
mass as a function of time. The result is 
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where we have taken, somewhat arbitrarily, the time for an 
object to erode to one half of its initial radius to repre- 
sent the erosion lifetime T ~ .  

1.8333 has been used to facilitate integration. 
rithmic term is significant only for masses approaching the 
value r T v  as can be seen from Fig. 7. The definition of 
T~ is seen therefore to be different from that of T~~ since 
the latter is the inverse probability of complete destruction 
and represents, therefore, an effective lifetime. 

A population index c1 = 1116 = 

The loga- 

It can be seen, from eq. 66,' that T~ becomes infinite 
as m approaches I " v  . The time for a particle to lose all its 
mass is also infinite for the same reason. Physically this 
happens because erosion stops for particles with masses smaller 
than I " u  ; all collisions for such small particles are cata- 
strophic. 

with respect to the Poynting Robertson effect T~~ and the lower 
limit of the lifetime of small objects T~ due to the influence 
of cometary meteoroids and cosmic rays estimated by Whipple 

time for erosion of an object to one half it's radius. 
is taken here as the time required for an object to traverse 
radially one half of the asteroidal belt, because of radiation 
damping. It can be seen, from the figure, that for particles 
greater than about lO+Kg (or 1 mm in radius) the process of 
catastrophic collision dominates the lifetime of the particles. 
Smaller particles may be subject to erosion by cometary 

We also plot, in Fig. 7, the particle lifetimes 

is defined here similarly to T ~ ,  namely T in the 

T~~ 

(1967). T~ L 

particles to an extent that this latter mechanism dominates. 
T~ and T~~ 
of reasonable size by comparison with T ~ ~ .  

are seen to be insignificant for all particles 
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over the entire range of particle cc Since T ~ ~ > >  T 

masses, we see that our neglect of radiation damping in the 
collision equation eq. 17 is justified. 

It can also be seen, from Fig. 7, that the lifetime 
of the largest otjects is of? the order of 10 9 yr. Some of 
the large objects may therefore have escaped catastrophic col- 
lisions in the past, but most others have not. For small 
objects, having a mass of the order of perhaps Kg or 
smaller, the influence of collisions with cometary meteoroids 
must be treated, before meaningful lifetimes for these parti- 
cles can be estimated, and therefore the signifinance of the 
curves in Fig. 7 for small masses is doubtful. 

We now consider some aspects of self-consistency 
of the present model. The present method is applicable to 
masses smaller than about 10l8 Kg which is the largest fragment 
created when one of the largest objects, Mw having a mass of 
about lo2 '  Kg is completely disrupted. 
however, overly conservative because of the three asteroids 
present with masses of about lo2' Kg (cf. with Fig. 4). The 
presence of these large asteroids causes the effective value 
of Mw (and consequently also A M W / I " )  to increase beyond the 
value of 10 Kg. 

This criterion is, 

20  

We now return to Fig. 4 and consider the significance 
of the close agreement between the population index a = 1.837 
of the steady state solution and that of the empirical fit, 
a = 1.80 + - .04. The following two possibilities may be noted: 

(1) There is agreement between the empirical and the 
theoretical population indices because the effective value 
of Mm/rl is greater than is a umed in the model. 

( 2 )  Agreement between the theoretical and empirical 
population indices for large asteroids is fortuitous. 
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Possibility (1) is plausible since an effective Moo 
can be defined; using Table-1, one can write for the total 
mass MT: 

MT = AM 2-a ( 2 4 - l  (67) 

using a value f o r  M of 5 x 1O2OKg which is the approximate T 
total value of the total mass of the fragments as well as the 
mass of the three largest asteroids,'eq. 67 can be solved for 

~ ~ 

22 M . The result is an effective value for Ma, of 10 Kg, and - -  m 

for hM,/F' of about 5 x 10" Kg implying that all asteroids 
with masses snaller than 5 x losg Kg are in a steady state 
distribution. Physically this means that the influence of 
the three largest asteroids on the distribution of smaller 
objects may be approx4mated to be similar to the influence of 
a fractional number of much larger objects when averaged over 
a long period of time. While a detailed treatment of this 
problem requires a more extensive analysis, the order of magni- 
tude argument presented here is sufficient to establish 
the validity of applying this collisional model to asteroids. 

Possibility (2) implies that the large asteroids 
are not in a steady state distribution. Since, however, masses 
of the order of Kg or less are already in a steady state 
condition (cf. with Fig. 5) because the rate of particle crea- 
tion equals the rate of particle removal of these masses, 
use of the density function eq. 62 appears justified for those 
and smaller masses even if the statistical significance of the 
largest asteroids is disregarded. 
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VI. CONCLUSION 

A collisional model of interplanetary particles is 
formulated and applied to the distribution Of asteroids and 
their debris. 
which describes the collective dynamical interaction of these 
particles caused by inelastic collisions and fragmentation. 

An integro differential equation has been derived 

The collision ?quation has been solved for the 
particle number density function f(m) dm for the special 
case when the distribution has reached steady state condi- 
tions. The result is 

f(m)dm = Am-a dm . (68) 

The population index a equals 1116 in a first approximation; 
higher order terms contribute only slightly to a (cf. Table 111). 
The value of a is remarkably insensitive to the values of the 
physical parameters; ct changes from 1.834 to 1.843 when the 
parameters r , I "  and A change by a factor of 400. 

It is shown in the text that this solution is 
stable in the sense that ifain eq. 68 is altered, an imbalance 
between the particle creation and removal rates is introduced 
which will cause the population index to return to it's 
previous steady state value. It is furthermore shown (cf. 
Fig. 2 and-3.) that for steady state conditions without an 
external source, the erosion rates have only a minor influence 
on the population when compared with the rates of catastrophic 
collisions and particle creation by fragmentation. 

The results are then applied to the distribution of 
asteroids and their debris. The theoretical number density 
function for asteroids is (eq. 62). 

(69) 3 f(m)dm = 2.48 x 10'' m-1*837 dm/meter 



BELLCOMM. INC. - 47. ' -  

where the normalization constant is based on observation and 
the population index 1.837 corresponds to steady state condi- 
tions with a root mean square collisional velocity of 5 Km/sec. 
A systematic error of about half an order of magnitude may be 
present because of incomplete knowledge of asteroidal albedos. 

A least squares fit to the distribution of asteroids 
(Fig. 4) catalogued by Kuiper et a1 (1958) yields an empirical 
value for a of 1.80 - t .04.  The theoretical value of a is 
therefore seen to be within the margin or error of the empirical 
one. 

Since the largest masses are not replenished the dis- 
tribution (Fig, 4) assumes a quasi steady state condition for 
asteroids less than a given mass only (cf.Fig.5). The approximate 
value of this mass depends on our choice for Mm. The most 
conservative choice of Ma is 1.88 x 10 Kg corresponding 
to absolute photographic magnitude g = 4 in Fig. 4; this 
implies steady state conditions for masses less than Kg. 
Since the largest three observed asteroids cluster, they can be 
redistributed artifically according to the theoretical dis- 
tribution, eq.62 while keeping the total mass invariant. Such 
a procedure approximates the physical influence of the three 
largest masses on the dynamics of' the population of smaller 
objects. The results implies that all but the largest asteroids 
have reached steady state conditions. 

20 

Using eq. 69, a number of useful statistical properties 
of asteroids can be calculated. The yearly total of asteroidal 
mass crushed is about lo1* Kg/yr (Fig. 5). 
lost yearly from the asteroidal belt is about 6x. 10 Kg 
but this figure may not be reliable because the influence on 
the population of small particles by cometary meteoroids has 
not been considered. 

The amount of mass 
10 
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The t o t a l  mass of a s t e r o i d s  and t h e i r  d e b r i s  i s  about  
20 2 x 1 0  K g ,  where t h e  three h e a v i e s t  o b j e c t s ,  of t h i s  same 

o r d e r  of magnitude have no t  been p r o p e r l y  inc luded .  When t h e  
t o p  masses are cons ide red ,  t h e  t o t a l  mass i s  of t h e  o r d e r  of 
5 x lo2' K g ;  i t  t h e r e f o r e  follows that  almost  a l l  of t he  mass 
i n  t h e  a s t e r o i d a l  b e l t  i s  concen t r a t ed  . i n  the  three h e a v i e s t  o b j e c t s .  

The e r o s i o n  r a t e  of an o b j e c t  i n  t h e  a s t e r o i d a l  b e l t  

( F i g .  6) i s  n o n l i n e a r .  The r a t e  of change i n  t he  e f f e c t i v e  
r a d i u s  of t h e  l a r g e s t  o b j e c t s  i s  about a meter/lO y r .  T h i s  

ra te  d e c r e a s e s  f o r  smaller o b j e c t s  and f o r  masses of about lo6 Kg 
t h e  ra te  e q u a l s  50 A/yr which i s  t h e  upper l i m i t  caused by e r o s i o n  
of s t o n e s  due t o  cometary p a r t i c l e s  and cosmic rays  ob ta ined  by 
Whipple (1967) .  

6 

The p a r t i c l e  l i f e  times w i t h  r e s p e c t  t o  c a t a s t r o p h i c  
and r a d i a t i o n  damping fPR have been 

T~~ i s  a l s o  very  much s h o r t e r  

c o l l i s i o n s  fee, e r o s i o n  T 

c a l c u l a t e d  ( F i g .  7 ) .  f C C  i s  found t o  be s h o r t e r  t h a n  T~ by one 
and a half  o r d e r s  of magnitude. 
t h a n  T f o r  micron s i z e d  or l a r g e r  p a r t i c l e s .  For t he  largest  
a s t e r o i d s ,  i s  of t h e  o r d e r  of  1 0  y r ;  these a s t e r o i d s  may 
have su rv ived  r e l a t i v e l y  undamaged s i n c e  t h e  t i m e  of t h e i r  c r e a t i o n .  

E 
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